ABSTRACT This paper presents an experimental validation of the aerodynamic sectional modeling approach as a general methodology to model the aerodynamic effects on aerial vehicles. The introduced modeling scheme also takes into consideration important effects such as engine load torque and landing gear contact. The dynamic model is derived after Kirchhoff's formulation expressed as a function of the extended momentum vector. The effective forces and torques are included as the addition of independent sources. The aerodynamic effects are computed as the summation of forces and torques over each body section on the airplane, and the engine thrust and load are included in simulation by means of experimental transfer functions. The experimental validation is conducted using a RC-controlled fixed-wing airplane PT-40 instrumented with the proper avionics to measure its pose (position and attitude) for trajectory tracking purposes. A comparative analysis shows that the analytical model and the experimental setup describe similar qualitative behavior in an open-loop maneuver and reveals that the propeller load torque produces significant aerodynamic effects on both longitudinal and lateral-directional stability of the vehicle.
I. INTRODUCTION
The qualitative behavior of Unmanned Aerial Vehicles (UAVs) can be described by means of theirs corresponding dynamics model, which describes the evolution and the rate of change of the pose vector (position and attitude). The dynamic model of a system is a common tool to predict, design, and analyze the performance of the vehicles, as well as to tuning controllers or test new control techniques. Therefore, it is important to have a reliable mathematical model that allows manipulating the external effects in a user-defined way to design versatile and flexible simulators. Frequently, the equations of motion of an aerial vehicle regardless of its size are represented by twelve coupled nonlinear differential equations [1] . In order to simplify such a large number of complex equations, the dynamic model is decoupled into two flight modes: the longitudinal and lateral-directional motions. Therefore, the longitudinal and lateral-directional stability are studied independently under the assumption that they do not perturb each other. The differential equations of a free flying rigid body have been obtained using either: Newton-Euler formulation, [1] - [10] ; Euler-Lagrange formulation, [11] , [12] ; vectorial Kirchhoff formulation, [13] , [14] ; or space vectors (being an extended six-dimensional (6-D) version of classical three-dimensional (3-D) vectors), [15] , [16] ; where the main aims are: to study the stability, [1] - [5] ; the aerodynamic efficiency, [11] ; the maneuverability, [6] , [17] ; the experimental validation [6] , [17] , [18] ; and the defining control strategies, [6] - [9] , [17] .
References [5] and [18] show the dynamic model of a UAV and its implementation by means of the aerospace blockset of matlab/simulink in order to study the stability and characteristics of a small UAV. The aerodynamic coefficients were computed by two different Computed Fluid Dynamics (CFD) packages and compared with wind tunnel experimental data. In that work the vehicle exhibits unstable behavior when the experimental data are used for the simulator; therefore analytical data with exception of the drag coefficient were used instead. In addition, a thrust model as a function of the servo pulses is included, but it neglects the load torque. The dynamic model was validated experimentally and the results showed differences on the flight path, which were attributed to: the aerodynamic coefficients of the control surfaces, the dynamic behavior of the servomotors, inaccuracies of the instrumentation system, the perturbation effects produced by the engine, and the limitations of the simulator because the rapid changes of the wind data cause singularities on their model. Reference [12] presents the design parameters of a solar powered UAV, where the dynamic model of the vehicle was derived from the Euler-Lagrange formulation. Nevertheless, the aerodynamic analysis only includes the aerodynamic coefficients related to the longitudinal motion, and neglects the effects given by both the load torque and the cross-coupling aerodynamic effects. On the other hand, in [8] the numerical and analytical longitudinal dynamic models were presented. The results exhibit similar behavior for the prototype of an UAV, where the differences between both models that can be attributed to the parameters of the vehicle. Although the tests were conducted at constant velocity, the load torque of the aircraft power plant introduces perturbations that affect the longitudinal stability of the vehicle.
A six Degree Of Freedom (DOF) dynamic state-space model based on Newton-Euler formulation was proposed in [9] , where the state variables are the angle of attack, the sideslip angle, and the airspeed velocity. The model was used to propose both guidance and control strategies, but, the results show that it is important to take into account the uncertainties that the model neglects. Reference [10] presented the longitudinal dynamic model of a fixed-wing Vertical Take-Off and Landing (VTOL) UAV using a set of nonlinear differential equations, which exhibit the evolution of the state variables that are related with the longitudinal motion. However, due to the decoupling of flight modes, the aerodynamic coefficients neglect the nonlinear aerodynamic components that modify the behavior of the vehicle. On the other hand, the torque around the longitudinal axis given by the spinning of the propeller is not described at all.
The longitudinal dynamic model of a fixed-wing aircraft was presented by [17] , where the nonlinear effects of the aerodynamic coefficients were considered, and the thrust model was parameterized as a function of both the velocity of the vehicle and a lift coefficient. The model was used to define an adaptive total energy strategy, and to control the frontal velocity and the flight path angle of the aircraft. The differences were attributed to insufficient vehicle's airspeed information (due to the lack of velocity sensors or to estimate the velocity of the vehicle). However, they also neglect dynamics of both the engine and the cross-coupling aerodynamic effects which may be important factors of such difference. Nevertheless, the results showed good performance.
The aerodynamic coefficients are typically defined to express all the aerodynamic effects that are presented in an aerial vehicle. This traditional approach forces to develop an aerodynamic analysis for each particular configuration.
On the other hand, the aerodynamic sectional approach, [1] , [6] , [11] computes the total aerodynamic forces and torques by the summation of the independent aerodynamic effects of each component, all of them expressed by 3-D vectors referred to the frame attached on the center of mass of the aircraft; and then included in the linear and rotational motions equations. In previous work [19] , the use of the aerodynamic section approach with the extended vectors dynamic model was proposed, such that the aerodynamics effects produced by the control surfaces, i.e. rudder, elevator or independent ailerons motion can be easily modified in an easy-to-express complete 3-D model of any aircraft. The proposed modeling methodology was compared with the traditional (single aerodynamic section) approach of a PT -40 Radio-Controlled (RC) model. The results showed that both approaches describe similar qualitative behavior in open-loop schemes, which represents a useful tool control technology applications when the dynamic model is not available.
The thrust model plays an important role in the dynamic behavior of UAVs due to both size and weight of the vehicles. Reference [20] introduced the verification and validation of the dynamic model of a thruster. The system consisted of a brushless direct current motor and propeller combination, and it was found a linear relationship between the squared of the angular velocity, and both steady state thrust and load torque. Results also showed that the time response is similar to a critically damped second order system. However due to the dynamic complexity of reciprocating engines, their results have limitations to be applied in some RC UAVs with internal combustion engines. In this work, an adequate thrust model, that includes the load torque over the propeller and the dynamics of a 2-stroke engine, is included in the dynamic model of a fixed-wing UAV; and experimental validation of the proposed modeling methodology has been carried out using a PT -40 RC model.
II. BACKGROUND A. THE FREE RIGID BODY EQUATIONS
The position d = (x, y, z) T ∈ IR 3 and attitude θ ∈ IR m (for m = {3, 4}) vectors of an aerial vehicle with respect to the inertial reference frame 0 (Earth-fixed frame), are given by the relative position and orientation of the vehicle's fixed frame ν with respect to the inertial frame (Fig. 1) . While the position is typically given by the origin of the noninertial frame, a reduced attitude parametrization vector θ is obtained from the rotation matrix R(θ ) ∈ SO(3) that transforms non-inertial frame coordinates to inertial coordinates (i.e.: a (0) = Ra (v) ), which can be parameterized by multiple ways called attitude parameterizations (m = 3 or m = 4). Since rotation matrix has the so-called orthonormal conditions, being 6 restrictions over the 9 elements of the matrix, there is only 3 independent variables. While the linear velocity is given directly by the time derivative of the positioṅ d ∈ IR 3 , the angular velocity arises from the time derivative of the rotation matrixṘ and its inertial expression is found to be VOLUME 6, 2018 FIGURE 1. Principal reference frames in an aircraft 0 , ν , a , and w are respectively the inertial, local, aerodynamic and relative wind reference frames.
for the column vectors r i ∈ IR 3 of the rotation matrix R = [r 1 , r 2 , r 3 ]. Then, it is easy to see that the angular velocity can be computed as
that would depend on the chosen attitude representation.
The six kinematic equations arise as the expressions of the six scalar coordinates of both linear and angular velocity vectors expressed in the local frame
The roll-pitch-yaw attitude parametrization i.e. θ = (φ; θ ; ψ) T (m = 3), typically used in aircraft modeling, yields a Rotation matrix and an attitude operator which are given as, [2] and [3] :
where the basic trigonometric functions c x = cos(x) and s y = sin(y) were abbreviated for simplification. On the other hand, the dynamic equations of a rigid body can be computed by the Newton-Euler expressions for translation and rotation of the body. Alternatively, the Kirchhoff formulation may be used to express both dynamic translation and rotation using purely local coordinates of velocity vectors (v, ω) ∈ IR 3 and force/torque vectors (f , n) ∈ IR 3 ; with the use of the kinetic energy K = ω T I c ω as, [13] and [14] :
where m is the total mass of the body, I c is the constant inertia tensor at the center of mass, v c = v + ω × r c , is the center of mass velocity, and r c is the local distance of the center of mass (not necessarily null) w.r.t. the local frame ν . The external force f = (f x , f y , f z ) T ∈ IR 3 and torque n = (n x , n y , n z ) T ∈ IR 3 vectors, whose coordinates are referred to the local frame, express all the exogenous effects over the rigid body: the gravity, aerodynamic effects, landing gear restrictions, engine induced thrust/torques and unmodeled disturbances. Since the aerodynamic effects depend on the relative wind velocity, two virtual reference frames are defined. The aerodynamic frame a is placed at the aerodynamic center and oriented along the chord line of the airfold section, and the relative velocity wind frame w given by the relative wind velocity that defines the direction of the aerodynamic forces (see Fig. 1 ). The rotation matrix between these two virtual frames allows to compute the angle of attack α and the side slip angle β, known as aerodynamic angles in the literature, [1] - [3] .
B. EXTENDED DYNAMIC MODEL OF AN AIRPLANE
The six-dimensional vectors, called spatial vectors in [21] or extended vectors in [19] , are defined by a pair of vectors (a, b) ∈ IR 3 in the 3-D Euclidean space as follow:
The extended vectors have different physical and mathematical meaning than spatial vectors, and are widely used in robotics for modeling kinematic chains. Moreover, since extended vectors allows for simpler mathematical operations, the equations of motion can be expressed easily. The extended kinematic equation and the extended Kirchhoff formulation arise from the definition of the twist and wrench. The twist is the extended vector of velocities:
which defines a motion vector space M; where the vector v ∈ IR 3 is the linear velocity and ω ∈ IR 3 is the angular velocity, and the wrench is the extended force/torque vector:
which also defines a force vector space F; where f ∈ IR 3 and n ∈ IR 3 are the force vector and the torque vector respectively; and both vector spaces (M and F) are such that proper metrics can be defined, [21] . Then, both the kinematic and dynamic equations becomes [19] :
where the pose (3) is defined as the position and attitude of the vehicle and for minimal attitude representations (m = 3), such as roll-pitch-yaw, the pose may play the role of generalized coordinates. The extended momentum P(ν) ∂K ∂ν ∈ F is defined as the kinetic energy gradient; and operators J ν (q) and (ν) get the following shape:
Note that the operator (a)
3 . The kinetic energy can be expressed in a quadratic form using the twist K = 1 2 ν T Mν, where M is the extended inertia matrix defined by:
Then, the extended momentum can be succinctly expressed as
, with the linear momentum p = mv c ∈ IR 3 and angular momentum L = r c × p + I c ω ∈ IR 3 . The product T (ν)P(ν), in the expression (9), represents the centrifugal, Coriolis, and gyroscopic effects.
Finally, in the right-hand side of the dynamic equation (9) F = F g + F T + F LG + F A represents the addition of all the applied external wrenches: gravity F g ∈ F, thrust F T ∈ F, landing gear contact F LG ∈ F, and aerodynamic effects F A ∈ F; all of them expressed in the non-inertial reference frame ν .
1) THE GRAVITY WRENCH
The effects produced by the gravity can be expressed by the force vector space:
where
T is the extended gravity vector with g 0 ∈ IR 3 being the inertial gravity vector which is computed according to the attitude of the inertial frame 0 , [19] , and M is the inertia matrix (12).
2) THE THRUST WRENCH
The thrust wrench of the k th engine F T k includes both the force f T k ∈ IR 3 and the load torque n T k ∈ IR 3 produced by the spinning of the propeller. The total thrust wrench is computed as the addition of all the k max powerplants on the vehicle; all of them referred to the local frame ν in accordance with the following expression:
where the order-6 matrices X T k ∈ SE(3) are Extended Motion Operators (EMO) (also known as Plüker coordinates transformation, [21] , or screw transformation, [22] ), which are represented by means of the following expression, [19] :
with the 3-D position vector r a/b ∈ IR 3 pointing from point a to point b, and the rotation R i j transforming from i -coordinates to j -coordinates. It is noteworthy that EMOs transform the motion extended vectors between two reference frames whereas their transpose transforms extended force vectors in the inverse reference sense.
Then, (14) transforms extended motion coordinates form the reference frame ν to T k and its transpose transforms extended force coordinates form the reference T k to ν . The parameter r k ∈ IR 3 is the distance between both reference frames and R k v ∈ SO(3) represents the orientation of the k th -engine with respect to the reference frame ν .
3) LANDING GEAR CONTACT WRENCH
The contact wrench produced at the landing gear F LG , is the result of the interaction between the landing gear and the ground. The wrench F LG is modeled by means of the sum of the constraint wrench and the corresponding friction wrench for each j th landing wheel: F LG j = F R j + F D j , at the contact point (where a virtual non-inertial reference frame LG j is located), expressed with the corresponding local frame coordinates. The unilateral restrictive wrench F R j is modeled like a spring-damper system in accordance with [19] , and depends on both: the vertical velocity ν
LG j and the vertical position r ( LG j )
LG j ∈ IR 3 of the j th wheel expressed with the local frame coordinates. The dissipative wrench F
, 0) is modeled purely by a Coulomb friction vector, which is computed with local coordinates being a function of both: the kinetic friction coefficients µ (·) and the entrywise sign function of the contact point velocity of the wheel:
LG jz ) . The landing gear wrench is then computed as
LG j (16) where
LG j ν ) are the EMO operators which relates the reference frames LG j and the local reference frame ν .
4) AERODYNAMIC WRENCH
The aerodynamic forces and aerodynamic torques over a body i are produced by the interaction of the surface of the body and the particles of the surrounding wind. The aerodynamic wrench coordinates are a function of the relative wind velocity, the shape of the body and the attitude of the body w.r.t. to the flow direction. These elements are typically VOLUME 6, 2018 represented by means of the following expressions, [1] - [4] :
where S i is the characteristic section area of the aerodynamic body (wing area for wings); C x i are the dimensionless aerodynamic coefficients of the corresponding x-coordinate; b i and c i are respectively the span and the mean aerodynamic chord; and the dynamic pressureq i = 1 2 ρ v r i 2 is function of the air density ρ and the relative velocity:
which is computed as the difference between the linear velocity v i of the virtual aerodynamic frame a i and the external wind velocity v w , expressed with coordinates of the virtual aerodynamic frame. Note that, the rotation matrix The aerodynamic force coordinates f
in (17) are the drag, the lateral force, and the lift, which by definition are expressed in the virtual relative wind frame w i , whereas the aerodynamic torque coordinates are expressed directly in the virtual aerodynamic frame a i . Nevertheless, since the aerodynamic wrench of a body i needs that all of its coordinates are expressed in the same spot and frame coordinates, the aerodynamic force coordinates are rotated to the corresponding aerodynamic frame using the angle of attack α i = arctan(v ri z /v ri x ) and the sideslip angle β i = arcsin(v ri x / v r i ) (refer to Fig. 1 ) with the aerodynamic rotation matrix (20) , [2] .
The aerodynamic coefficients in (17)- (18) are traditionally obtained experimentally using wind tunnels for a particular airfoil sections and analytically using specialized CFD software for complex profiles. The coefficients are a function of different parameters such as aerodynamic angles, geometric parameters, and relative wind velocity; then, the coefficient (21) 
Note that, even when the aerodynamic coefficients were represented as a linear combination above, both the aerodynamic force and torque are quadratic in the velocity due to the quadratic nature of the dynamic pressure.
Regardless of the way where the aerodynamic coefficients are obtained, the traditional approach computes the aerodynamic wrench of any aerial vehicle by means of (17) and (18) with a unique aerodynamic body and a single set of lumped aerodynamic coefficients C x for the whole aircraft. However, in accordance with [1] , [11] the sectional approach computes the total aerodynamic wrench F A by means of the addition of the sectional aerodynamic wrenches of each of the N aerodynamic body sections in which the aircraft is virtually decomposed. On this regard, it is proposed to compute the aerodynamic in accordance with the following expression, [19] :
where each aerodynamic sectional wrench F
T is computed in local coordinates, and the corresponding EMO operator
is parameterized by the position and attitude of the auxiliary aerodynamic frame a i of each aerodynamic section w.r.t. the local aircraft frame ν .
Under this scope, the relative wind twist for the i th aerodynamic section (from which the aerodynamic angles for each section are obtained) can be easily computed with R
The general schematic of the sectional modeling approach is shown in Fig. 2 . This approach offers advantage over the traditional approach in the sense that different virtual sections can be chosen as the ones that carries control surfaces, decoupling the effects that these surfaces produce in the overall system, for instance left and right ailerons δ ai , elevator δ e or rudder δ r , [19] .
III. THRUST ROTOR DYNAMICS
The dynamic effects produced by the engine-propeller combination play an important role in the behavior of an aerial vehicle. The magnitude of the thrust force f T k ∈ IR 3 depends on the characteristics of both the propeller and the power-plant which is typically either electric motor or combustion engine. While for the electric motors, the behavior is represented by means of a well-defined and simple mathematical model, it is not the case for the reciprocating engines, which are thermodynamic plants. Since we are interested in the second case and because it is complicated to measure the force produced by the engine, it is proposed an experimental model of a 2-stroke engine PRO 0.46 ThunderTiger with a 11 × 6 (inch) standard propeller; where the thrust force can be determined as a function of the throttle angle input without inclusion of any additional sensors to measure the rotation speed.
A. EXPERIMENTAL THRUST MODEL
In order to define a mathematical function that represents the behavior exhibited by the engine, an experimental platform (see Fig. 3 ) has been mounted to measure both thrust force (f T ) and load torque (n T ), using a 6-D force sensor JR3 (mod. 67M 25A3 − 140 − DH ) and a receiver card based on Digital Signal Processing (DSP) with Peripheral Component Interconnect (PCI) local bus, working at 33 MHz and 32-Bit. It is important to mention that the reference frame in Fig. 3 corresponds to the frame of the force sensor, being different from the aircraft reference frame defined in Fig. 1 . In order to define the relationship between the engine throttle and both: the thrust force and the load torque two tests were designed. LetF x T (s) and N x T (s) the thrust force and the load torque produced by the engine to be defined as
where the terms K T (θ T ) and K Q (θ T ) represent the amplitude of (24) and (25), and were obtained experimentally by measuring the magnitude of both the thrust and the load torque, using stepwise angular positions of the engine throttle. The position of the servomotor was increased by θ T = 4.5 • from the idle position to the fully opened position at equidistant time intervals of t = 20 s, then, the engine throttle was decreased backwards from the fully opened position to the idle position, defining one measurement cycle. Fig. 4 shows the average of nine measurement cycles from which the curve fitting arise after third order polynomial approximations: 
The terms G T (s) and G Q (s) in expressions (24) and (25) are the normalized transfer functions that describe the behavior exhibited by the which were determined base on the system time response of the engine-propeller combination. Measures of thrust forcef T and load torque n T were obtained by increasing the position of the engine throttle from the idle position to the fully opened position at equidistant time intervals of t = 60 s. The average of five cycles of both measures are presented in Fig. 5 ; from which we can notice that they can be approximated as time-delayed under-damped second order systems. The related parameters of the under-damped system (the natural frequency and the damping ratio) were computed based on the control theory:
Finally, the time-delay transfer function e −Ls , has been approximated after a five-order Padé function:
B. EVALUATION OF THRUST WRENCH
The thrust model (24)-(25) has been identified under a null velocity condition of the rotor plate, which must not be the 74196 VOLUME 6, 2018 case during aircraft flight. This effect was included after the theory of actuator disk, based on the principle of momentum conservation applied to the air particles. The actuator disk theory is used to model the thrust force f T = f T produced by a propeller, and it is illustrated in Fig. 7 under the next considerations: a) the wind flow through the disk is incompressible and its velocity is constant across the disk; and b) the pressure over the disk is uniform and there is a stream tube which delimits it from the surrounding flow. Based on these assumptions the Bernoulli equation is applied to both sides of the disk, and after proper algebraic manipulations, the force applied by the disk f T that induces an airflow with induced velocity v d at the disk is given as, [3] and [23] :
for an arbitrary input airflow v in , a given disk area A, and air density ρ. Since the particular case where the thrust model (24)- (25) is obtained under the condition v in = 0, and base on the expression (31) the aircraft airspeed v x r (frontal relative wind velocity) is included as shown in Fig. 6 . The correction is made by computing a nominal induced velocityv d after the thrust model expression and then recalculate the real applied thrust force with the actual aircraft relative airspeed.
IV. EXPERIMENTAL VALIDATION
In order to validate the aerodynamic sectional approach modeling, a PT -40 RC model of Great Planes , armed with a 2-stroke engine PRO 0.46 ThunderTiger with a 11 × 6 standard propeller is used. It is important to mention that the position of the control inputs must be computed based on the desired aircraft trim, however in this work the tests were conducted with the control surfaces fixed at zero value and openloop control, meaning that the control input are aligned with its corresponding aerodynamic surface and remain constant at this setup. During the experimental test, the thrust force was increased manually by means of variations on the engine throttle, from the idle position θ T = 10 • to fully open position θ T = 55 • , whereas the control surfaces are set to their nominal zero position and no control is applied over them. Under these conditions (and due to the natural stability of the prototype) the aircraft must be able of take-off and perform some natural motion during flight that must be perturbed by the engine-propeller load torque. Since the position and attitude of the vehicle were not controlled, the pilot recovered the control of the vehicle to avoid equipment damages when that exhibits unstable flight condition.
The test was developed at the Autódromo Yucatán using a runway oriented at ψ = 156 • . In this open space, an estimated wind flow of about 2.77 m/s from Northeast there existed.
A. THE EXPERIMENTAL SET-UP
The prototype, shown in Fig. 8 (left) was instrumented with an open source electronic board based on ATMEGA2560 chip, which includes a 6-DOF Inertial Measurement Unit (IMU) sensor, an altimeter, and a digital compass. Additionally, a telemetry module (center) and a Global Positioning System (GPS) (right) have been connected to the electronic board. Some characteristics of the GPS, based on a uBlox LEA-6 module, are presented in Table 1 .
Moreover, the instrumentation system includes an IMU with accelerometer scale range between ±16 G and gyro fullscale range of ±2000 dps; and telemetry of 915 MHz. Table 2 shows the technical specifications of the used barometer. The instrumentation system was mounted in the vehicle nearby the center of mass to measure the attitude changes whereas the GPS module is located on the nose of the vehicle to avoid interferences induced by the electronic system. The position VOLUME 6, 2018 FIGURE 8. The PT -40 prototype. and attitude of the vehicle are sent to the ground station by means of the telemetry at a baud rate set to 57,600 bps, and additionally, the data are recorded on the onboard memory.
B. THE SIMULATOR
In order to validate the experimental results and based on the generic dynamic model given by the block diagram of the Fig. 2 , a simulator was developed using matlab/simulink. The model considers the vehicle as a free rigid body and the inertial matrix M was computed through a ComputerAided Design (CAD)/Computer-Aided Engineering (CAE) software. Besides, the vehicle was virtually decomposed in 5 sections as shown in Fig. 9: 1) fuselage, 2) right wing section, 3) left wing section, 4) horizontal stabilizer and 5) vertical stabilizer. The reference frame of the vehicle ν is placed at the center of gravity with the traditional attitude convention: x-axis pointing forward, z-axis pointing downwards and y-axis according to the right-hand rule. Remaining reference frames are located at its corresponding aerodynamic center. Table 1 presents the relative position vectors r i of the reference frames w.r.t. the center of mass, as well as, the area A i and the mean aerodynamic chordc i of each sectional body.
The aerodynamic contribution of the fuselage was neglected, because, in accordance with [1] its contributions are minimal if the value of the aspect ratio is high enough (AR 1 = b 2 1 /S 1 > 5). Then, there are only four aerodynamic bodies with a particular attitude depending on both the incidence angleᾱ i and dihedral angle γ i , with a null sweep angle in all cases, such that all of the x i axes are defined along the chord line of the i th aerodynamic body. The aerodynamic coefficients of each body were taken from [19] ; note that due to the symmetry on the right/left wing sections, the coefficients for both sections were considered to be exactly the same. The differences on the complete model are given by the position and attitude of the aerodynamic frame, through the incidence angle, the dihedral angle, and the relative position vector of the aerodynamic center, shown in Table 3 . Then, the aerodynamic coefficients are needed only for three different aerodynamic bodies.
The airfoil section of the wing has not a NACA standard (National Advisory Committee for Aeronautics), and thus it is not included in the Tornado database. Nevertheless, the shape was determined by means of image processing and included in the data base of Tornado software.
It is important to comment that the air density is a function of the absolute temperature, the absolute pressure and the altitude, and it varies with the season and the time of day. However, the density variation is reduced around 1% for altitudes below 10,000 m in accordance with [3] ; hence the aerodynamic wrenches were computed under the constant density consideration (ρ = 1.22 kg/m 3 typically at 20 • C).
The thrust wrench was computed in the simulator in accordance with the block diagram of Fig. 6 , and the landing gear contact wrenches were modeled independently for each wheel. The relative position vectors r LG j of the j th wheel w.r.t. the center of mass are also presented in Table 3 . The simulation used a spring stiffness k e = 1000 N/m, a viscous damping c = 5 Ns/m, and a lateral Coulomb friction coefficient µ (·) = 1 N/m. Finally, in order to reproduce the environmental condition, the simulator takes into account the wind velocity of 2.77 m/s at 225 • (from NE).
C. RESULTS
The position and attitude vectors of both the simulation and experimental results are shown in Fig. 10 .
The experimental results (blue graphs) shows that after the RC human pilot changed the position of the engine throttle, the vehicle position is displaced importantly along the x-axis and very few along the (y-axis) (t = [0, 12]s); while no displacement is produced in the vertical (z-axis) direction until the take-off occurs. During this period, an attitude change at the roll angle φ shows a right banking due to the tail-cross wind current. At the end of this interval the aircraft reaches the sufficient forward velocity such that the lift action on the wing sections takes over the gravity effects. The natural dihedral angle helps to stabilize the aircraft and reduces the right banking.
The flight phase begins after the take-off at about t = 12s where the vertical position starts to increase (recall that positive values are computed toward the center of the Earth). During the first seconds of this phase, the attitude angle degrades constantly, this behavior indicates a left banking (left turn as shown by the yaw angle curve) until the end of the test (about t = 32s) where the roll achieves almost -70 • of left banking. Note that the pitch angle achieves a maximum value of almost 30 • at t ≈ 17s, after that it is reduced rapidly until around t ≈ 22s and remains near of a null pitch during the time period t ≈ [24 − 26]s, it increases again some degrees until t ≈ 30s after which it reduces significantly until the end of the test. During the same time period, the altitude increases VOLUME 6, 2018 from zero at take-off until its maximum value at t ≈ 22s. After this maximum value, the altitude decreases slowly and then the altitude at about t = 28s where the pitch is positive again. However, the altitude starts to reduce after t ≈ 32s where the pitch begins to be negative and the roll overpass the 50 • . Note that during all the flying time the vehicle was left banked, and in consequence turning left. Fig. 11 (blue line) presents the path of the vehicle, which describes a helicoidal ascent. Finally, at the time t ≈ 32s, the RC human pilot recovered the control of the vehicle, ending the test.
It is noteworthy that about t ≈ 22s the aircraft yaw angle is φ ≈ 45 • meaning that the vehicle was aligned towards the wind, having a frontal nose wind perturbation, and it has the tail wind perturbation when the yaw angle is φ ≈ 225 • at about t ≈ 32 s having a negative effect on the aircraft stall.
The comparison between the simulation and experimental results shows that, the dynamic model reproduces the similar qualitative behavior that was exhibited by the PT -40 RC model. The small differences may be attributed to the following facts: (i) Tornado is an open source software ideal for linear aerodynamic wings mainly; (ii) in the simulator, the wind current was considered to be constant with the value obtained from a local weather station; (iii) the vehicle parameters for the simulator were obtained as constant values as using a CAD software, where we made our best to consider the differences in materials and part details, however, some parts like the engine are complex to model and the sloshing effect and fuel consumption are difficult to include; (iv) the inaccuracies and tolerances in the manual assembly of the PT -40 RC model, which may produce changes in the position of the center of mass, and some aerodynamic disturbances; and (v) the sensors' accuracy and resolution, such as the one of the GPS and barometer.
Despite the small differences between the simulated and the experimental results due to reasons above explained, it is evident that the proposed modeling method represents an useful alternative to reduce some computation burden as due to the use of extended vectors combined with Kirchhoff's approach, the aerodynamic coefficients are obtained for every kinematic configuration of the aerial vehicle.
D. THE USE OF THE SECTIONAL MODELING APPROACH TO CONTROL MORPHING UAVS
In order to show some of the potential of this aerodynamic sectional modeling, consider a fixed-wing airplane whose empennage lacks the vertical stabilizer but for which the remnant horizontal stabilizer is provided with three degrees of freedom for its angular motions (tail's bank: , tail's tilt and tail's pan: ) as depicted in Fig. 12 . This tail architecture mimics some of the morphing variations of a bird's tail which is difficult to analyze through traditional methods because the set of aerodynamic coefficients correspond to a particular configuration, implying that a set of coefficients for each geometric shape is needed.
A simulation study case for this above-mentioned configuration has been produced in accordance with Fig. 13 . The aerodynamic wrenches of this virtual setup are computed exactly the same way as in the previous simulator but the one of the horizontal stabilizer, which is now computed with modifications made at the extended motion operator as function of the new tail's relative coordinates. This modification also modifies the local twist and in consequence the relative wind velocity. Fig. 14 shows the set-point attitude angles of the virtual AUV in a simulation starting at a null motion state at the take-off runaway with all the tail coordinates at zero (original position). A SISO PID control for each tail's coordinates has been activated at t = 15 s (about 5 seconds after take-off) where the AUV pitch and yaw angles have been served by the tail's tilt and pan respectively and the roll angle has been left uncontrolled (the tail's bank set-point control has been set to zero). Note that the roll attitude is indirectly controlled by both the tail's pan motion and the natural lateral stability (due to the dihedral angle in the wingspan) of the AUV. Additionally, a wind flow perturbation was introduced at t = 33 s. The test shows how the aerodynamic sectional modeling allows to computed complex simulations with no need to recalculate the aerodynamic coefficients for each configuration.
V. CONCLUSIONS
An experimental validation of the aerodynamic sectional approach modeling was presented in this paper. The equations of motion were derived from the Kirchhoff formulation, which is a key factor and can be written in terms of the extended momentum. Both the dynamic and kinematic equations are expressed in terms of extended vectors that allow to express the dynamic model easily with a single dynamic 6-D expression. The core of the proposal i.e. the computation of the aerodynamic wrench, is performed by the aerodynamic sectional approach that considers the independent aerodynamic effects for each aerodynamic body, and uses extended motion operators, which only depend on the geometric configuration of the aerodynamics sections, to map these independent wrenches to airplane dynamic model.
In order to validate the sectional aerodynamic modeling, a PT -40 RC model of Great Planes was properly instrumented. The thrust model was determined experimentally as a function of the angular position of the engine throttle with both thrust force and load torque outputs. The static model fits a third order polynomial function, and the dynamic model has been approached as a delayed under-damped second order system. The effect produced by the wind flow on the thrust force was included based on the actuator disk theory. Landing gear contact wrench was considered as the addition of complaint constraint and friction each of the landing gear contact points. A test was developed in an open space where a small wind flow perturbation was present. The data has been compared with a simulator that takes into account 4 aerodynamic bodies whose aerodynamic coefficients were computed by means of the Tornado software.
The aerodynamic sectional approach modeling captured the qualitatively dynamic behavior of aerial vehicles. The open-loop maneuver showed that simulation and experimental results described a helical path with phugoid oscillations. The numerical implementation of the mathematical model is easy and simple, and allows analyzing different configurations over the same vehicle by applying the appropriated transformations.
The aerodynamic sectional approach allowed to define independent control laws for each body, as well as, it is a simple method for qualitative analysis that would help to the preliminary aircraft design and the control law design. In the same sense, the modularity, based in the frames conversions, can be easily converted to time-varying configurations and therefore the approach may be used to determinate the aerodynamic effects on morphing and/or bio-inspired vehicles. The proposed aerodynamic sectional approach allows to define the aerodynamic effects of any configuration using the appropriated transformations. Note that despite the differences between the results, the implementation of controllers based on this formulation, as well as, model-free controls should compensate the variation of the dynamic model; that is the next step of this work.
